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A single formula is given for coexistence temperitire a9 a continuons funciion of the vapor-liquid

densilies.

& simple power law in lemperature, rep
tebulaled and compared with the derived data.

With six cnefficients and seven adjusted axponents, it may conveniently replace the several
formulze formerly wsed in separae regions of the data.

Freczing liquid densities are described by

lacing more eomplieated formulae. Compured results are
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1. Intreduction

Data for densities of the coexisting phases of para-
hydrogen are derived, not divectly experimental. They
were obtained as intersections of PFT iscchores and
isotherms with vapor-pressure and melting-line formu-
lae for #T) at coexistence [1, 2].' Any concise de-
cription of these densities is a useful computational
aid, as for example, to obtain heats of transition via
the Clapeyron and P(T) equations. In [1]. however,
we had used three formulae, in three regions of the
orthobaric densities, with a toral of 14 coefficients and
about 12 adjusted exponents. The present search for
a single formula for orthobaric densities was motivated
by the successful application of Ehrlich’s simple
formola for saturated liquid [5] to our parshydrogen
data. This is reported helow.

Background on HAuid behavior is given by [3], and
quantum  effects are under study [4]. Additional
references on parahydrogen are given in the mono-
graph [6]. Useful with the Clapeyron equation are
recent determinations of heats of fusion [7] and of
densities of solid parahydrogen [B]. The words: co-
existing; al coexistence; orthohanc; at saturation; and
saturated vapor, liquid or solid, all refer 1o one or more
of at least two phases in equilibrinm. The NBS-1955
iow temperature scale used here is the same as in [6],
and we define one liter, L, 10 be 1000 cm®.

2. Ehrlich’s Formula for Saturated Liguid
Parchydrogen

Ehrlich’s formula, eq (1), employs reduced variables,
p= DD, r= Tt (where £ and T are density and
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temperature, with subserpt ¢ refetting to the critical
point},

(p—1Pip=A -(1—7)+B - (1—-1F, D
We used ierative methods and a digilal compuler to
find the critical constants for eq (1} which minimize
the mean relative deviation hetween calculated den-
sities and 46 pairs of data for pit) [1]. This form of
deviation was selected becanse the data are not
directly experimental. Largest relative deviations
occur near the critical paint and are tabulated in sum-
marizing tahle 1, while thase near the triple point are
plotted in fgure 1 as open circles. [We define A,
O 100 - (Dyppe — Dt f D] Most of the remaining
deviations are a mere few hundredths of 1 percent.
It s seen that this formula gives an exceilent repre-
sentation of the dasa.

TaBLE 1. Ehrlich’s formufa for ssturated liguid parahydrogen

Cararaaey Fo= 32,004 3 %, B.= 15 FIaH5 g mellL,
A= 2B 125, Bw —{ 80 WS

Mean dewation (4 poinaap = 00433 peresn

Mok refurive dewimiioas mear critical indime

T % L, % T.*K o, %

32914 0.000 |F32.M83 Y =008
T ] -0 | 3o ) -0
3B.5M8 =011¢ || 33.000 +0.088

3. A Formula for Densities of Coexisting
Vapor and Liquid
In attempting to modify Ehrlich’s formula for den-
sities below critical we note that as p— 0 the familiar

vapor-pressute and virtal equations provide a relation
between temperature and density,

PPy exp (—ToiT)~ D-RT,
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where P is pressure, K is the gas constant, and Py, T,
are conztants. At coexistence, I-K-T may be regarded
as a function only of the density. Normalizing the
above exponential at the critical point in the form,
exp [a+{1 — 1{7)] where o ia a constant, and comparing
its Taylor's series expansion about =1 with aq (L),
we have been led to the formula,

explei 1= 17 =1—{p—1)"exp[p-fip)l, 2)

wherein 8/3 replaces exponent 3 from eq (1}, and fip)
iz discuased below. This is a single-valued expression
for coexistence temperature as a function of the den-
sities, constrained to a given critical point. As the
variable 7 ranges {rom 0 to + 1 only, 8 must be an even
integer. The expreasion [1—(p — 1Y**] becomes nega-
tive for 2 < p % 245 where p=2.45 is the upper limit
for liquid parahydrogen at the triple point.

The sxponential on the right side of eq (2} has been
introduced as an empirical method for seeking repre-
sentation of data. e let fip) be a polynomial, and
search for the requisite number of terms and powers
of g, finding coefficients by least-squares in the form

¥ip=#F(p), whera
¥ie, 8, p, T = Log, {{p— 1)#3[[} — god 1-ur)]},

For each trial 2 and each form, £ (p), the value of « is
jound by an iterative procedure with the high-speed
computer. By requisite number of terms and powers
of p in this report we mean that combination which
yields deviations comparable with uncertainty of the
data, and a mean relative deviation less than 0.1 per-
cent. We have used only the eritical-point constants
eatablished by [1], not to be confured with the op-
timizing values in table 1.

With 75 pairs of data for ip) [1], the behavior of
¥ versus p iz highly sensitive to the values of o and
of 8. For 8=06 and for =10 we find that ¥ apparently
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Flcunt 2. Yix, B, p. 7} versus p for o= 297647, #=8.

tends to infinite discontinuities as p— 1, from below or
from shove, whereas for §=48 the behavigr is seen in
figure 2, for which a=2.97647, 8=48. This plot Las
the qualitative hehavior of an isotherm of pressure
versus density at temperatures a little above crtieal,
suggesting a cubic polynomial in the density, [ar a

uadratic for fip) in eq (2]]. Tedious exploration of
orma for f{p), however, yields

Floy= v+ dy - p= 10+ A~ o
TP RPLEV P RS A

to complete eq (2) with above values for«, 8.  Integer
exponents only were explored for the last two terms
in eq (3. Mean relative deviation of temperatures
using eq (3 is 0.0624 percent. As compared with a
three-term expression for f{p), we note that an addi-
tional term, 4s - p~ ' has been required for data at the
lowest densities, and an oppoesition of similar terms,
Ay pt 4 4y ﬁ”“, iwith opposite signs} apparently is
required for the critical region (fig. 2).

TAELE 2. Constants far eqs (2, (3, parofydrogen

T.=3z478 K

d=38

A=— 00640 TG,

e =+ 0L EDD 5095,

Ag =+ 00687 5T45 - 1!

o=1559 grn.nlfl_.
o TR,

Ay =+ 1060 G583,

Aly=— 1 58 5706,

Ay=—100d21 B1139,

Table 2 gives constants for eqs (2] and (). Table 3
compares calcolated temperatures from eq (2) with
the data. Tahble 4 gives densities obtained from
(2) by an iterative method at integral temperatures, aﬂ
compares them with densities calculated in [1] with

542



TABLE 3. Comparison of calculated temperztures from og (2) wirh data of [f]

BENSTY TeDATA TeCaLL T+DIFF PEALHT
0,062 13,8000 13,8051 0.0021 0.0150
0.0686 13,5900 13,9912 0,0012 0.5082
0.114990 14,.9%00 1+.5%08 0, 0008 [P 1
N,16T1 15,9500 15%.9889  =0.0011 =p.84071
0,2439 16,%%00 16,9872 =0,0028 =0.015T
G.3409  17.9900  L1T.9R40 =D.0040  =0.0220
D.eE42  18.,99pp 10,9857 0,008 =D.0225
O.A184% 19,5905 15,9850 =D, 0850  =Hu0248
D.A836 20,2680 20,2584 0. 00PE  ~0.04F2
1.0850 28,2290 22.226%  =0.042]1 ~D.0094
1,4969 23,6510 23.4%3% baft029 tef1121
T,4181 26,0000 24,0037 0,.0032 ¢.0132
1,9919 25,0000 ?5.00%1 b,g0%3 a.0211
2,162 25,3948 29,4038 0, 0094 4.0387
2.842% 26,0084 2h.nlG0 f.0190 a.0345
2.5671 26,2510 P& ,2EW? ¢.0nAT 0.033%
2,978 ZY. 0000 2T+ 3074 S 0DTH 0.0275
3,333p 275780 FT.RHIS d,.0078 b.n2Ts
16197 2A.0040 24,0041 D.0n4] Q.0148
3,9821 2A.4BTa  FH.&B9q G.0020 a.nnv2
A,4062 29,0000  PR,999] <4, 000% =0.0030
4,651 29,5955  29.59)) f.00%3 H.0042
%.3972  Jp. 0000  FR.FVN} =3, 0049 =p,0163
6,7196 31,0000 30.9979 =0.002]1 =0.006T
G.THAE 310880  3l.0404 =d.007THF  =0e0239
R,I1E2  31,84Tn  3l.Bebg  =0,.0010 ~0.0032
M AT 32,8000 32.and d.0021 0. 0065
10.14%%  F2 &T28 32,667y =0,0049 =4.01%2
11.,8%%8 J12,.T8¥n  32.THTY g.0n0l 0. 0004
1ELYINL A2.9140 32,9140 =0.5000 =0.0001
19,8043 A2, TA%n 32,1375 00015 =) o Db
2o.TOk3 32 5T%n  3Z2.5R4) f.0081 a.0033
2l.6231 32,3638 12,3668 z.Qn34 0.0114
PR.TERY 32,039 kYT =t.an50 =f1,0155
22.THI6 32,0000 32.00BY 0087 040273
2A.B34T  3l.m0En A1.6BRZF G062 A.0196
24,9013 31.104% 31,1857 B a0ttt 4.0055
25,0790  Il.0000  Al.B127 0.0127 Q. 0413

the more elaborate formulae. Table 5 gives tempera-
tures from eq (2) at uniformly spaced densities and
compares them with values from the munugrapl! 1ol

Deviations of temperature {table 3) are rel_atwely
large and uniform for liquid densities approaching the
triple point, giving alarm that the large exponeats nsed
in eq (3) may be rezponsible. From (6] we find, how-
ever, that (pfr)idr/dp)=3 to 6 in this region, so that
relative temperature deviationz will be roughly five-
fold greater than corresponding density deviations.
We note, also, the experimentalist’s estimate of 0.1
percent accuracy [9] for much of the density data nsed
in [i]. Turning to deviations in density, we see in
figure 1 that those from eq {2), filled circles, are amaller
than or comparable with thote from the simple formula
eq (1. [Te avoid a multiplicity of tahles, we have
compared densities from eq (2) with the sufﬁmen_l]}r
precise, calculated results from [1]; hence the relative
difference also is a smooth functien.] It appears highly
imptobable that deviations of eq (2} are due entirely
to the form of fip} in eq (31 With data for ather
substances, however, we may expect that this form
should be modified.

NEMSTY T+DATA T+CALT T+DIFF PERCNT
29,9526 3, TH90 30,THIE g.002% f.a083
26.22%  3p,3%30 30,3445 a,.001% b 0049
2H.TASE  Ap.04000 30,0549 0. 0049 4.0153
?5.9&!3 29.!5&[’] H-ﬂ!i! ﬂqﬁﬂ'ﬂ3 ‘-ﬂﬂuq
27.564%] 29.3560 29,352 -0.0026 2 =-5,.0089
28,1314 29.00p0p 29,9880 «0.8320 =0.1102
28,4899 28,740 PALTOZE  =0,0214 =0.0T44
29,2443  2R.0000  3T.9941 =0.5099 =0.0210
29,3123 279350 27.9303 =0 0a%T =0, 0204
041841 27078 2T D6Rh =0.0116 = a P29
A0.243T7 270008 27,0041 020041 0.%)152
31,1471 26,0184 26,0086 =, 3004 = QM0
L1607 28,0008 25,9935 =g 0068  =0.0252
A HA66 25,0000 24,9917 =0,00R3 =5,0132
22,1482 2, TA0 28.TESR - MAT =P.03%3
32,7254 ZA 00 20186 Ba0159 Q.0787
32,2393 23,014 20,2947 =0.0053 «0.07T0
334005 23,0000 X965 »3.0338 =0, 1457
INLRNIA 22,3k 22,3296 =puldléd =D,.0643
I 1047 2P.D8A0 21.9A5) =4,0199 =9,0907
Zh ARP2  21.4TI0  Z1.4TOE =8.00P% =8.0113
3, 6992 21« 0fa0 21,0085 f.QNAS &y 0408
36,9037 209070 20.%518% &.011% 3.+0581
35,2509 19,9950 20, 084E 4. 0495 Ou2ATY
A5 2Ty 00000 200085 a=004% G-0024
35,5984 19.3%0 19,4087 a.0187 J.0943
G, TRASE 1R.9930 19.852) 0.0%%] a.3111%
35, T9AS 190000 19, 007% 0. NI 021T73])
I6, 0498 (M, 1180 18,1334 d,0]88 a,1428
L2733 1ALBO00 18, 0858 Ga 0858 A ATEN
AA,2989  1T.M920 18,0336 Da0416 0.2M1
3, 793] 14,9910 16,9931 04832 d.pi2)
Jﬁiaiaﬁ 1?-““““ 1"!.9!!5 -h.ﬂ!l’! -ﬂ.l!‘?!
AT.2563) 15+%%00 1%.%4%A eI MY =0.2TET
3. 7102 1‘-“““ l"-‘ll? *II-IIIT!,"I "l.’l.5234
IRLI288 12,9900 12.96809 =0.029% =0.2q01
IAL202% 13.R03p 13,8930 0.0000 b.9002
AR, 2029 13.8n1p4 13,010 b.an00 0.4002

MEAN DEVIATION: PERGCENT & D 0624

TAELE 4. Comparizon of caleplated densities from eg {2} ot uriform
temperatures with colealored doto of [1]

CALCULATED DEMSITIES: AW /L
VAPOR PHASE LIQUTD PHASE
FTrlthuK CALELTD REFANCE DIFRNCE CALCLTO MEFRMEE DIFRNCE
13.803 0,0883 0,0624% =0.0001 38,7030 32,2068 =¢,001R
l4.800 0,068% 0,0898 =0,00C 3B.1108 %A,1246 =0,014]
1S-800 0.1104 0,1104 O0.0080 37,6723 37,8986 =0,0861
15,000 B.18TE 0,167 ¢,H884 37,239% 37,2582 -0,0157
17000 d.20b] Q3840 0.0001 I8, TESE I6.THEN ~0.0029
16,000 A.3424 0,320 Oo000% 36,3153 I6.90ES  0.006T
19008 S,4552 O0.4853 0.000% IS BLMG 39,.TH97 Q.0119
20,008 D.5189 O0,&81T6 O.001% IS.ZTES 35,2888 40,0127
202268 0.4533 0.4436 A.0017 35,1280 A5.1144 O0L0]160
21.009 0.8048 0. 8030 BLQQ1S 4,42 45940 L0102
22.000 l.0284 1.0273 A,B001)1 34,0941 34,0084 0.00%8
Blaltdd  L,E965 1,2958 »0.0001 33 440% J3,.4%1] =1,.0008
24000 15130 1,6)43 =H.0015 33X, FIAT IZ.Teed =p,008]
29,000  1,98%7 1,096 =0, 0029 31,9801 I1.9910 =3,0109
20,000 2.43T4 Z.4413 20,0039 31,1544 31, 1885 =g0.013%
2T.000 2.9721 2,.9762 =0, 8081 30,2474 30,2422 -0,.0148
20,000 3,6)48 34201 =0.9033 29,2384 29.3%02 =0,012%
2Fa000 S.4DT0 4, 4002 =0.0012 28,0922 ZBLOT9L "0.004%
000 S,4027 S.4006 0.002] 4.7526 26, TSRO 0,0004
Al.08 E,7220 6,F170 0.00%8 25,1029 25,0944  o0,00R)
32,007 6,654 B 500 A,00B4 22,0244 F2.0:4% D.0101
JEukdl  F.8F26 S.0880 D.0DhE Z1.4T4T 2).4B0T QL H080
A2+Thn 112457 11,2425 4.0032 20,0455 Z0.0%63 =0.QUné
32,900 12,0997 12,8921 0.08T6 18,3203 1R.324T =0,0044
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TaBLE 5. {emparizon of calcelated trimpe
eniform dersities sith derived results from |6]

Temperuiury, deg K Temperaiore, deg. K
Dharmby Drvmpiey

t-]:ulu:dllidm-ue e ey [ abe:dutad (Rederernce | Dafecence

05 19,40 19.241 | — {002 19.5 2780 | TN L]
[ }] .B82 21.887 | —0s L0 by A T07 000
1.5 23,683 L3.6) LIX 11 5 3z &M 32520 LR
24 25 X018 LIY1iry 1.0 517 k] 1), 000
2.5 x5.127 20,119 i 0 32309 33497 LIN 1"
LR 21048 e 0000 P Ak mg A2.Mm] 0.0
5] A s 0005 =5l Azg 32, 108 0,00
LN .51 508 0.003 3.0 Al%3A 303 0.0H
4.5 .0 .03 00 2.5 LWy T AT 0.5
a4 S 62 ] — 00N .0 IR 30533 0.0H
55 30.085 FL6ET | =0.002 .5 Al 33 0,005
6.0 30492 30,495 | — g P 3054 31.060 0.0
b5 TR A J0.A5 | — 0003 55 RN -] E k] o004
7.0 3132 LTS | — 000 .0 30447 30884 [ER i
'?.5| 31435 41458 | — 0.0 .5 LRl ER ] 2,081
20 ] By ] 3T ] — 000 0 20 88 o —non
83 31925 31528 | =0003 Folt) Pt ] Py o] — 0,2
2.0 az.na EA bl — Q.00 kil M0 24 D60 =00
9.5 S w7 | — 002 85 8.0l — [, uH
. 12409 32430 | —0.@0L nH) @] W —0.01a
Iﬂ.&l 3 552 32.553 = 0.001 M5 20782 o7 — D
1.0 A2.654 HbAS | — 000 M 21156 21.Fm —0.04
1.3 Arw 3142 — Qa0 M5 206,732 20, ™47 — Al
12.0 Jz.B1 J2.B11 — .0 ALn 26178 6.1 =015
k5] Anges ] ARgss | —0.000 15| 25592 | 25606 —O.006
13.0 AT SEH — 0.0 524 RA9M5 24,488 — 3
135 32 037 32038 ~ .1 1.5 29,283 4534 — il
(TR 45T 32058 — 0] LN .57 13 642 — M5
(L% A2 068 Jxo00 -0l 25 =z F-R0H L
15.0 22 kLR L] — 0,000+ EIN .48 2. 141 LI r
15.5 2075 JZ.97T6 — 0,000 a5 .3k 21.437 LT EY
180 EFR ] 32T [EREA) | A5 M. 450 o 18 K
165 Axa72 Jzari = .000 26,5 19, 50 19,564 L
17.n A2.043 X3 — . E NI 18 633 18412 ozl
It5 R Ly = .01 M5 17elg 17.60% o
1B.0 32921 1292 = .01 Ey] {5 I, B — T
[1: %7 ERg ] ERA ] 3, (oD} s 15. 504 15431 = {050
12.0 53839 A2_Ba — 00 iR 14,245 19,895 — A

4. A Formula for Densities of Freezing
Liquid

In [2], densities of freezing Liquid were derived as
intersections of PFT jsochores and isotherms with an
analytically described P{T) melting Line, and given a
rather complicated, empirical description, & now
find that a simple power law [eq (4] ie sufficient. Var-
jables are normalized at the triple point (subseript t):

(DIDY=(TIT,y. )

For parahydrogen, the constanis used are D,=(L0/
0.026176) g mol/L, T:=13.803 "K [10), and we find the
exponent, y=10.310 4277 by minimizng the mean rela-
tive deviaton. Table 6 shows that eq (4) gives ade-
quate representation. The first four columans are from
[2].

The number of digits, given for constants in ables
1, 2, and for v in eq (4), is more than sufficient to repro-
duce the calculated results, and is not the resolt of
atatistical analy=is.

Mr. William J. Hall contributed the essential com-
puter programs for iteration and for least squares.

ratures from o (2] @t TABLE 6. Comparison of colralaied densifiea of freezing Houid

with derived date from [2]*
Publleadion Abwvs Eorpnula
T.dex K

DO.odace | Docadc D, parcent | Dy cobe [D, percent

14,171 8.5 .51 0,0y JasE 0,042
14,414 X, ) H.IT 005 35. 722 0.056
14. &4 F9.00 Aaoh o.al iy BTl RIE
47 ELR ] 39.40 D Jo401 LIE ]
15.375 .50 5,30 o.01 Fe B RIEL )
16 06 0.0 nen -0 QUMY
4, gl #.:2 .o ! i £ SO = 003
40.50 40,49 =i b, 9T — k0

14.71m A0 .59 =001 40596 = (00
17 000 H0.TG #.Th — ¥z 4k 755 =0z
17.214 &4 Ay ol — {0z 1,7 —Q.nis
13,50 4].13 41.13 =00 dl. 13 — 0,05
[ K1) 41,44 a4].44 — Q.00 41 455 =03
LBz .50 4l.49 —n,al 434 — {40014
LE.214 41,45 3. —h2 41637 =031
18753 240 4200 = 41,995 =L 2
19883 ] 4211 —{dn 43, 10 — 0D
[LELLI] 4210 4219 = {00 47 187 — 0,007
1945853 LR 5 {00 42.4%8 = 0005
19,585 4258 35 LILd 45,486 0014
0,000 42 86 4287 0,08 42,0 o.ER
put R IE ] 23,00 &3.00 .00 [V ] — 0.0ax
20218 .ol 3.0] am 3000 k1 11,1 5]
Fl] 43.94 3k .0 43 L]
L R 4350 3,50 m 4153 006
PARILI ) 435 3.5 LIELI] 43 518 = . 00
21,368 4381 4381 L] 43,817 0.l
20, TH My L N LIX01] 4,007 0.a17
200k .14 44,14 L] #4151 0025
3000 L .M — 008 44 TES — .02

" Ihenailies in g madfl-
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